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1. INTRODUCTION
In this note a result concerning the representation a function by the Kontorovich–
Lebedev transform is given. The Kontorovich–Lebedev transform is relative to the
class of integral transformations of the Bessel type in which the integration is taken
with respect to the index of the Bessel’s functions. For the ﬁrst time a such transfor-
mation, later called in the name of the authors, was considered by M.I. Kontorovich
and N.N. Lebedev in the work [4]. It was found that transformations of this type are
useful in the study of various problems of the mathematical physics as, for instance,
are static boundary value problems on wedge-shaped domains (in this respect, we
note the works [7, 9] and see also [3]). The Kontorovich–Lebedev transform F(τ) of
f(x) is a function of the real positive variable τ deﬁned by
F(τ)=
∞ 
0
f(x)Kiτ(x)dx, τ > 0, (1.1)
where Kiτ(x) is the cylindrical Macdonald function. In [4], it is shown that under
certain restrictions the transform given by (1.1) can be inverted by the following
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f(x)=
2
π2x
∞ 
0
Kiτ(x)τ shπτF(τ)dτ, x > 0. (1.2)
The conditions that was imposed on the function f is that f is of the class C1 and
that the functions xf(x) and x2f(x) are summable over 0 <x<∞. Note that the
inverse transformation (1.2) is also valid under less restrictive conditions (see [5, 6]
and [7]) or for other classes of functions [10]. In line with [10], for each function M(s)
with property that M(1
2 + it) ∈ L1(−∞,∞) and that
lim
|σ|→∞
1
2+i(σ+1) 
1
2+iσ




1
2
+ it




1
4 


M

1
2
+ it



dt =0 . (1.3)
the inverse Mellin transform
f(x)=
1
2πi
1
2+i∞ 
1
2−i∞
M(s)x−sds, x > 0, (1.4)
determines a function for which the Kontorovich–Lebedev representation (1.1) and
(1.2) are realized.
In this paper we propose a new method of the summation (more exactly, the Abel
summation) of the Kontorovich–Lebedev integral representation. In the framework
of our approach the condition (1.3) is not necessary to be fulﬁlled. Namely, deﬁning
f (x)=
2
π2
∞ 
0
Kiτ(x)τ sh ((π −  )τ)F(τ)dτ, x > 0,  ∈ (0,π), (1.5)
for any two functions f and F related by the formula (1.1), it can be proved that
if, in addition, the function f(x) admits a representation of the from (1.4), where
M ∈ L1
1
2 − i∞, 1
2 + i∞

,t h e nf (x) uniformly converges to f(x) over each ﬁnite
interval [a,b] from the positive semi-axis.
2. THE MAIN RESULT
Before formulating our main result it will be convenient to recall a few notations and
facts from the theory of the gamma-functions and cylindrical functions. Concerning
the gamma-functions Γ(z) we restrain that it is a meromorphic function on the whole
complex plane and has only simple poles at the points z = −k, k =0 ,1,..., and
Resz=−kΓ(z)=( −1)k 1
k
(k =0 ,1,...).
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


Γ

σ +
1
2
− iτ



 ≤ c(|τ| +1 )
σ exp(−π |τ|/2), (2.1)
held uniformly over the domain {|σ|≤σ1 < ∞, |τ|≥1},w i l lb eu s e f u l .
Further, we note the following integral representation of the modiﬁed Bessel
function Iν(z) for Reν>−1
2:
Iν(z)=
z
1
2
π
1
2Γ(ν + 1
2)
1 
−1

1+x2ν− 1
2 ch(zx)dx, |argz| <π , (2.2)
and also note that the Macdonald function Kiτ(z)( τ  =0 )can be expressed by the
function Iν(z) as follows
Kiτ(z)=
π
2ish(πτ)
(−Iiτ(z)+I−iτ(z)). (2.3)
It follows from (2.1) and (2.2) that for x ∈ R and y ∈ [0,σ], 0 <σ<∞,
|I−iτ(z)|≤c

1+|x|
− 1
2
− 1
2−y
exp(π |x|/2),τ = x + iy, (2.4)
and, also, estimations
k
 

Γ

s + k
2

Γ

s − k
2

Ik(r)
 

 ≤
c
(k − 1)!
r
2
k
chr,
|(s +2 k)Γ(s + k)Is+2k(r)|≤
c
s +2 k − 1
r
2
 1
2+2k 
1+r2 ch
2r

, (2.5)
|sΓ(s)Is(r)|≤c
r
2
 1
2 
1+r2 ch
2r

,
w h i c hh o l df o rRes = 1
2, r>0 and k =1 ,2,... with a constant c>0 independent of
r,s and k.
Next, we introduce the following function
R (s,τ,r)=τ
sh(π −  )
shπτ
Γ

s + iτ
2

Γ

s − iτ
2

I−iτ(r), (2.6)
where s = 1
2 + it, r>0,a n dt,τ ∈ R. In the subsequent consideration the following
auxiliary assertion will be useful.
Lemma 2.1. Let R (s,τ,r) be given by (2.6),a n dl e t
ak, (s)=
1
π
ksin( πk)Γ

s + k
2

Γ

s − k
2

(k =0 ,1,...)
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bk, (s)=( −1)k2(s +2 k)Γ(s + k)
k!sinπs
sin((π −  )s − 2 k)( k =0 ,1,...).
Then, the following expansion
1
2πi
+∞ 
−∞
R (s,τ,r)dτ =
∞ 	
k=0
(ak, (s)Ik(r)+bk, (s)Is+2k(r)). (2.7)
holds.
Proof. First of all we remark that R (s,τ,z) for a ﬁxed s = 1
2 + it and z is a
meromorphic function with respect to the variable τ. The poles of this function
belong to the upper half-plane Imτ>0,n a m e l yt h e ya r eτ1
k = ik (k =1 ,2,...) (i.e.
the zeros of the function shπτ)a n dτ2
k = i(s +2 k)=t + i
1
2 +2 k

(k =0 ,1,...)
(i.e. the corresponding poles of the gamma-function Γ((s + iτ)/2)).
Furthermore, we observe that the estimation (2.1) implies the following one

 
Γ

s + iz
2

Γ

s − iz
2

 
 ≤ c(δ,t)|x|
− 1
2 exp

−π |x|
2

,s =
1
2
+ it,
where z = x + iy, |x|≥1, 0 ≤ y ≤ δ and ||x|−| y|| ≥ 1.T a k i n gi n t oa c c o u n tt h e s e
facts, by the relation (2.2), one obtains
q+iδ 
q−iδ
R (s,τ,r)dτ ≤ c(δ,t,z)
δ 
0
|q|
−y dy → 0,q →± ∞ . (2.8)
Let δ0 ∈

0, 1
2

be chosen so that for the sequence δn = δ0 +2 n (n =1 ,2,...)
the following inequalities

Imτ2
k − δn

 ≥ c>0,k , n =1 ,2,....
are satisﬁed. Then, using the relation Γ(t +1 )=tΓ(t),i tc a nb es h o w nt h a tt h e r e
exists a constant c>0 such that for each x ∈ R and n =1 ,2,..., the following
estimate is true
|R (s,x + iδn,r)|≤c|x + iδn|
r
2
δn
δ−1
n
 
 Γ

−ix +
1
2
 
 
−1
×
×
 

Γ

1 − 2δ +2 i(t − x)
4

Γ

1+2 δ +2 i(t − x)
4
 

×
×
n 

k=1
 


−3+2 δk +2 i(t − x)
1 − 2δk +2 i(t + x)
 

 ·
2n 

k=1
 

−
1
2
+ δ0 + k − ix
 


−1
.
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|R (s,x + iδn,r)|≤
c(r,t)
(2n − 1)!
√
2r
δn
δ−1
n (1 + |x|)
− 3
2 ,
and consequently
lim
n→∞
+∞+iδn 
−∞+iδn
R (s,τ,r)dτ =0 . (2.9)
Next, consider the contours
γn = {z ∈ C: z = τ + iδn,τ ∈ R},n =1 ,2,...
In view of (2.8) by virtue of the Cauchy theorem, it follows
1
2πi
+∞ 
−∞
R (s,τ,r)dτ =
=
2n 	
k=1
Resz=τ1
kR (s,z,r)+
2n 	
k=1
Resz=τ2
kR (s,z,r)+

γn
R (s,z,r)dz.
This result combined with (2.9) implies the desired conclusion, i.e. the expansion
(2.7).
Henceforth, f and F denote as above functions of the real positive variable
related by the formula (1.1). The main objective of this section is to establish the
following result.
Theorem 2.1. Let the function f admit a representation of the form (1.4),w h e r e
M ∈ L1
1
2 − i∞, 1
2 + i∞

,a n dl e tf  be given by (1.5).T h e nf  uniformly converges
to f over each ﬁnite integral from the positive semi-axis.
Proof. First of all, note that our hypotheses together with the fact that r− 1
2Kiτ(r) is
a summable function on the positive semi-axis indicate that a result from [8], namely
the result given by Theorem 42 [8], can be applied. Due to that the transform F(τ)
can be represented as follows
F(τ)=
1
2πi
1
2+i∞ 
1
2−i∞
22−sΓ

s + iτ
2

Γ

s − iτ
2

M(1 − s)ds, τ > 0,
and then, by employing (2.1), (2.3) and (2.4), the function f (r), r>0 deﬁned by
(1.5) in turn can be writhen as
f (r)=−
1
8π2r
1
2+i∞ 
1
2−i∞
2sM(1 − s)R (s,r)ds,
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R (s,r)=
+∞ 
−∞
R (s,τ,r)dτ (r>0)
and R (s.τ,r) is deﬁned as above by (2.6). On the other hand, if the change of
variable s −→ 1 − s is made, the representation (1.4) for functions f(r) becomes
f(r)=
1
2πir
1
2+i∞ 
1
2−i∞
M(1 − s)rsds, r > 0.
Upon eliminating rs by using the expansion
rs =
∞ 	
k=0
(−1)k(s +2 k)2s
k!
Γ(s + k)Is+2k(r),s  =0 ,−1,−2,...,
taking into account the estimations (2.5), and by invoking Lemma 2.1, we obtain
|f (r) − f(r)|≤c(a,b)
1
2+i∞ 
1
2−i∞
2sM(1 − s)

∞ 	
k=0

1 −
sin((π − ε)s − 2εk)
sinπs

×
× (−1)ks +2 k
k!
Γ(s + k)Is+2k(r) −
1
2π
sin

πεk)Γ

s + k
2

Γ

s − k
2

Ik(r)

ds,
(2.10)
for 0 <a≤ r ≤ b<∞ a n dw i t hac o n s t a n tc(a,b) > 0.
Since
|sin(πεk)|≤πεk,

 

sin(πs) − sin((π − ε)s − 2εk)
(s +2 k − 1)sinπs

 
 ≤ cε,
it follows from (2.10) that
sup
a≤r≤b
|f (r) − f(r)|≤c(a,b)
1
2+iε 
1
2−iε
|M(1 − s)|

 
1 −
sin(π − ε)s
sinπs

 
 + ε

|ds|.
But 


1 −
sin(π − ε)s
sinπs



 ≤ cε|s|,



1 −
sin(π − ε)s
sinπs



 ≤ c
for Res = 1
2, and so the assertion of Theorem follows.
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